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^ ' Abstract. We develop Hopf-Galois theory for weak Hopf algebras, and 

^ , recover analogs of classical results for Hopf algebras. Our methods are 

3 ' based on the recently introduced Galois theory for corings. We focus on 

the situatation where the weak Hopf algebra is a groupoid algebra or its 
0^ ■ dual. We obtain weak versions of strongly graded rings, and classical 
Galois extensions. 

< 

^ ■ Introduction 

-4— > 

Weak bialgebras and Hopf algebras are generalizations of ordinary bialge- 
bras and Hopf algebras in the following sense: the defining axioms are the 
same, but the multiplicativity of the counit and comultiplicativity of the 
unit are replaced by weaker axioms. Perhaps the easiest example of a weak 
Hopf algebra is a groupoid algebra; other examples are face algebras |15j . 
00 ■ quantum groupoids [Ej and generalized Kac algebras |2j. A purely alge- 

braic approach can be found in [2] and [Hj- 

The aim of this note is to develop Galois theory for weak Hopf algebras. A 
^ '. possible strategy could be to try to adapt the methods from classical Hopf- 

^D ' Galois theory to the weak situation. This would be unnecessarily compli- 

^ . cated, since a more powerful tool became available recently, 

jrt ! Corings and comodules over corings were introduced by Sweedler in [201 . 

The notion was revived recently by Brzezihski ^, who saw the importance 
of a remark made by Takeuchi, that Hopf modules and many of their gen- 
eralizations can be viewed as examples of comodules over corings. Many 
^ ■ applications came out of this idea, an overview is given in _6, . 

H I One of the beautiful applications is a reformulation of descent and Galois 

theory using the language of corings. This was initiated in |5j, and continued 
by the first author jSj and Wisbauer [^ . An observation in [3] is that weak 
Hopf modules can be viewed as comodules over a coring, and this implies 
that the general theory of Galois corings can be applied to weak Hopf alge- 
bras. This is what we will do in Section [2 

In Section |31 we look at the special case where the weak Hopf algebra is 
a groupoid algebra. This leads us to the notions of groupoid graded alge- 
bras and modules, and the following generalization of a result of Ulbrich: a 
groupoid graded algebra is Galois if and only if it is strongly graded. 
In Section 21 we look at the dual situation, where the weak Hopf algebra 
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is the dual of a finite groupoid algebra. Then we have to deal with finite 
groupoid actions, as we have to deal with finite group actions in classical 
Galois theory. The results in this Section are similar to the ones obtained in 
[TH] . where partial Galois theory (see ^1]) is studied using the language of 
corings. Both are generalizations of classical Galois theory. In partial Ga- 
lois theory, we look at group actions on algebra A that are not everywhere 
defined, and in weak Galois theory, we look at groupoid actions. In both 
cases, we have a coring that is a direct factor of |G| copies of A, and the left 
dual of the coring is a Frobenius extension of A. 

1. Preliminary results 

1.1. Galois corings. Let ^ be a ring. An A-coring C is a coalgebra in the 
category a-Ma of yl-bimodules. Thus an A-coring is a triple C = (C, Ac, ec), 
where C is an ^-bimodule, and Ac : C ^ C 0^1 C and ec '■ C ^ A are A- 
bimodule maps such that 

(1) (Ac ®A C) o Ac = (C (S)A Ac) o Ac, 
and 

(2) (C (g)A ec) o Ac = (ec ®A C) o Ac = C. 

We use the Sweedler-Heyneman notation for the comultiplication: 

^C{c) = C(i) ®AC(2). 

A right C-comodule M = (M, p) consists of a right A-module M together 
with a right A-linear map p : M ^ M (^a C such that: 

(3) (p 0A C) o p = (M 0A Ac) o p, 
and 

(4) (M (S)A ec)op = M. 

We then say that C coacts from the right on M, and we denote 

p(m) =m[o] ®Amyiy 

A right ^-linear map / : M ^ N between two right C-comodules M and 

N is called right C-colinear if p{f{m)) = f{mp) ® ttimi, for all m G M . The 

category of right C-comodules and C-colinear maps is denoted by M*^ . 

j; € C is called grouplike if Ac(a;) = x®x and ec{x) = 1. Grouplike elements 

of C correspond bijectively to right C-coactions on A: if A is grouplike, then 

we have the following right C-coaction p on A: p{a) = xa. 

Let (C,x) be a coring with a fixed grouplike element. For M € M. , we call 

M"""^ = {m G M I p{m) =m®Ax} 

the submodule of coinvariants of M. Observe that 
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is a subring of A. Let i : B ^ A he a, ring niorphisni. i factorizes through 
A"""*^ if and only if 

X G G(C)^ = {x G G{C) I xb = bx, for all b £ B}. 

We then have a pair of adjoint functors {F,G), respectively between the 
categories A4b and A4 and the categories b-^ and A4. For N G A^_b and 
M eM^, 

F{N) = N®bA and G{M) = W"^ . 

The unit and counit of the adjunction are 

UN : N ^{N(g,B Af°^, VN{n) = n (g)B 1; 

Cm ■■ M™^ ^bA^M, CM{m Ob a) = ma. 
We have a similar pair of adjoint functors {F' , G') between the categories of 
left i?-modules and left C-comodules. 

Let i : i? — > A be a morphism of rings. The associated canonical coring is 
T) = A ®B A, with comultiplication and counit given by the formulas 

Ax) : V ->V®aV = A®bA(^bA, I\v{a ®b a') = a®B'^®Ba' 

and 

£V '■ V = A ®B A^f A, £T){a ®B «') = OLo! ■ 

Hi: i? — > ^ is pure as a morphism of left and right i?-modules, then the 
categories M.b and AA^ are equivalent. 

Let (C, x) be a coring with a fixed grouplike element, and i : B ^ A a 
ring morphism. We then have a morphism of corings 

can : V = A ®b ^ — > C, can(a ®b o!) = axa' . 

If F is fully faithful, then B ^ A™'^; if G is fully faithful, then can is an 
isomorphism. (C, x) is called a Galois coring if can : A (Oy^coc A — > C is 
bijective. From jH], we recall the following results. 

Theorem 1.1. Let (C,x) be an A-coring with fixed grouplike element, and 
T = A'^°^ . Then the following statements are equivalent. 

(1) (C,x) is Galois and A is faithfully flat as a left T-module; 

(2) (F, G) is an equivalence and A is flat as a left T-module. 

Let {C,x) be a coring with a fixed grouplike element, and take T = A'^°'^ . 
Then *C = AHom(C, A) is a ring, with multiplication given by 

(5) (/#5)(c)=5(c(i)/(c(2))). 

We have a morphism of rings j : A ^ *C, given by 

j{a){c) = ec{c)a. 

This makes *C into an A-bimodule, via the formula 

{afb){c) = f{ca)b. 

Consider the left dual of the canonical map: 

*can : *C^*V^ rEnd(^)°P, *can(/)(a) = f{xa). 
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We then have the following result. 

Proposition 1.2. If (C,x) is Galois, then *can is an isomorphism. The 
converse property holds if C and A are finitely generated projective, respec- 
tively as a left A-module, and a left T -module. 

Let Q = {q ^ *C \ C(i)g(c(2)) = 9(c)a^, for all c € C}. A straightforward 
computation shows that Q is a (*C, r)-biniodule. Also A is a left (T, *C)- 
bimodule; the right *C-action is induced by the right C-coaction: a ■ f = 
f{xa). Now consider the maps 

(6) r: A^*cQ ^T, T{a^*c q) = Qixa); 

(7) /i: Q<S)TA^*C,n{q^Ta)=q#i{a). 
With this notation, we have the following property (see |12j). 

Proposition 1.3. {T,*C,A,Q,T,fj,) is a Morita context. The map t is 
surjective if and only if there exists q G Q such that q(x) = 1. 

We also have (see f3): 

Theorem 1.4. Let {C,x) be a coring with fixed grouplike element, and as- 
sume that C is a left A-progenerator. We take a subring BofT = A , and 
consider the map 

can : T> = A (g)^ A ^ C, can(a i^it cl) = CLxa' 

Then the following statements are equivalent: 

(1) • can is an isomorphism; 

• A is faithfully flat as a left B-module. 

(2) • *can is an isomorphism; 

• A is a left B-progenerator. 

(3) • B = T; 

• the Morita context {B, *C, A, Q, r, ^) is strict. 

(4) . B = T; 

• (-F, G) is an equivalence of categories. 

1.2. Weak Hopf algebras. Let A: be a commutative ring. Recall that a 
weak A;-bialgebra is a /c-module with a A;-algebra structure (/i, rj) and a k- 
coalgebra structure (A, e) such that 

A{hk) = A{h)A{k), 

for all h,k (^ H, and 

(8) A2(1) = 1(1) ® 1(2)1(1') «) 1(2') = 1(1) «'l(l')l(2)® 1(2')' 

(9) e{hkl) = £{hk(i))e{k(2)l) = e{hk(^2))£{k{i)l), 

for all h,k,l E H. We use the Sweedler-Heyneman notation for the comul- 
tiplication, namely 

A(/l) = /l(i) (g) /l(2) = /l(i') (g) /l(2')- 
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li H is a weak bialgebra, then we have idempotent maps 11^,11^,11 ,11 
H ^ H given by 



U^{h) -- 


= £(1(1)^1(2) 


U^ih) = 


= l(l)e(/il(2)) 


Il\h) -- 


= l(i)e(l(2)M 


n^(/i) = 


= e(^l(i))l{2) 



) ] "[0] 


^n'^(a[i]) = 


= > ^al[o] 


^l[i] 


) 1«[0] 


®n^ («[!]) = 


= ) ^l[o]« 


^l[i] 


E^m 


»n^(i[i]) = 


= P'(l) 




>;iM 


55n^(i[i]) = 


= /(l) 




/(I) G 


A^ii"^ 







We have that H^ = Im (H^) = Im (n^) and H^ = Im (H^) = Im (H^). 
Let -ff be a weak bialgebra. Recall from ^ and |H1 that a right ff-comodule 
algebra A is a fc-algebra with a right iif-comodule structure p such that 
p{a)p{h) = p{ab), for all a,b G A, and such that the following equivalent 
statements hold (see |3 Prop. 4.10]): 

(10) p\i) = Y,^o](^Ww^h2) 

(11) p\l) =Y, 1^0] (^l^^)l[^^ 1(^2) 

(12) 
(13) 

(14) 

(15) 

(16) 

Lemma 1.5. Let H be a weak bialgebra, and A a right H-comodule algebra. 
Then 

(17) e(^(i)l[i])l[o] (8^(2) = l[o]®/il[i] 

(18) e(/il[i])l[o]a = e(/ia[i])a[o] 

/or all h ^ H and a ^ A. 

Proof. This is a special case of pi, Theorem 4.14]. Details are as follows. 

e(/i(i)l[i])l[o] ® \i) = £(^i)l(i)l[i])l[o] ® N2)l(2) 

= e(^i)i[i])i[o] ® ^2)1(2] = i[o] (^ /ii[i]; 

e(^l[i])l[o]a = e(^l[2])e(l[i]a[i])l[o]«[o] 

= e(^l[i]«[i])l[o]«[o] =e(^a[i])«[o]- 

D 

A weak Hopf algebra is a weak bialgebra together with a map S : H ^ H, 
called the antipode, satisfying the following conditions, for all h ^ H: 

(19) h^i)S{h(2)) = ^\h)- s{h(^)h^2) = n«(/i); 
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(20) 5(/i(i))/i(2)5(/i(3)) = 5(/i). 

2. Weak Hopf-Galois extensions 

Let H he a. weak bialgebra, and A a right i?-coniodule algebra. We then 
have a projection 

g : A ® H ^ A ® H, g{a (g) h) = aljoj /il[i]. 

Observe that, for any a a A, 

p{a) = a[o] ® a[i] = ap] l[o] ® «[i] l[i] = 9{p{a)) e Im {g). 

Lemma 2.1. Lei H he a weak bialgebra. Then C = lui{g) is an A-coring, 
with structure maps 

6'(al[o] <8) /il[i])6 = 5'a6[o] (8) /ife[i] ; 

Ac(l[o] «)/ll[l]) = (l[o] (8)/l(l)l[l])<8)A(l<X)/i(2)); 

ec(l[o] «)/il[i]) = l[o]£(/il[i])- 
/9(1) = Iro] ® Ifi] is a grouplike element in C. 

Proof. This is a special case of a result in jlj Prop. 2.3]. The fact that 
Ac(l[o] ® ^l[i]) G C ^A C follows from 

(21) Ac(l[o] «) /ll[i]) = (l[o] «) /^(l)l[l]) ®A ((1[0'] «) /l(2)l[l'])- 

Indeed, 

(1[0] ® ^(l)l[l]) ®A ((1[0'] ® ^{2)1[1']) 

= (1[0]1[0'] ® ^(1)1[1]1[1']) ®A (1 ® /i(2)l[2']) 

= (1[0]1[0'] «) /l(i)l[i]l[i']l(i)) (^A (1 <X) /i(2)l{2)) 

= (1[0] ® ^(1)1[1]1(1)) ®A (1 «) /i{2)l(2)) 

= (1[0] «) ^(1)1(1)1[1]) ®A (1 «) /i(2)l(2)) = P{a)- 

Taking /i = 1 in (HTJ) and (EU, we see that ec{p{l)) = 1 and Ac(/9(1)) = 
P(1)0AP(1). □ 

We call (M, />) a relative right {A, ii^)-Hopf module if M is a right ^-module, 
(M, p) is a right //-comodule, and 

(22) /)(ma) = mpjajo] m[i]a[i], 

for all m £ M and a ^ A. A^^ is the category of relative Hopf modules and 
right ^-linear ff-colinear maps. 

The following result is a special case of |^ Prop. 2.3]. Since it is essential 
in what follows, we give a sketch of proof. 

Proposition 2.2. The category A4^ of relative Hopf modules is isomorphic 
to the category A4 of right C-comodules over the coring C = Irag. 
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Proof. Take {M,p) € ^A'^ . Let p be the composition 

p : M — ^ M A C M A (^ ® H) ^^ M ®H. 

If 

i 

then 

p[m) = m[o] ®m[i] =^miail[o] <X)/iil[i]. 

j 
Then p is determined by p, since 

^(m) = ^ mj (g)A Oil[o] (8) /iil[i] 

i 

= ^ m j (g) A a j 1 [0] 1 [0'] "^ ^i 1 [1] 1 [0'] 

i 

= ^ "T-jOilfO] ®A 1[0'] (^ ^il[l] 1[0'] 
i 

(23) = m[o] ®A l[o] ® ™[i]l[i]- 
From the fact that p is right j4-hnear, it follows that 

p{ma) = p{m)a = mjo] ®a (1[o] ® "T'[i]l[i])a 
= m[o] (8)^0(0] ®m[i]a[i], 

so 

p{ma) =m[o]a[o] «)m[i]a[i]. 

From the fact that (M (8)^ ^c)(/o(m')) = m and (|2,3|) . it follows that 

"T' = "i[o]l[o] 8'e("T'[i]l[i]) = "^[0] (S>e{mii]). 

For all m € M, we have the following equality in M 0^ (A ® H) (8^ (^ ® H); 

(24) (M^AAc)(p(m)) = (/5^C)(p(m)) 
The left hand side of (EH) is 

™[0][0] ®A (l[o'] <8 m[o][i]l[i/]) ®A (l[o] (8 "i[i]l[i])- 
The image m. M ®a {A ® H ® H) is 

m-loKo] ®A (l[o']l[o] 8)m[o][i]l[i']l[i]l(i) <8m[i]l(2)) 

= "T'[0][0]®a(1[0] '8"T'[0][l]l[l]l(l)®"T'[l]l(2)), 

and in M (g) H ^ H: 

"i[o][o]l[o] «'"i[o][i]l[i]l(i) 8)m[i]l(2) 

= "i[0][0]l[0] <^ "^[o][i]l[i] ® "^[i]l[2] 
= "^[o][o]l[o][o] <» w-loifijlloKi] <8 "J[i]l[i] 
mrnirni <8?n[o][i] (8m[i]. 
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The right hand side of (|24j) is 

"^[0] ®A (1[0] (» "i[l](l)l[l]) ®A (1[0'] «> "^[1]{2)1[1'])- 
The image in M (g)^ (A (g) if (g) i7) is 

"^[0] ^A (1[0]1[0'] ® "^[1]{1)1[1]1[1']1(1) ® "^[1](2)1(2)) 

= "^[o] i^A (l[o] (» "i[i](i)l[i]l(i) (g) m[i](2)l(2)), 
and \n M ® H ® H: 

m[o]l[o] (gm[i](i)l[i]l(i) (gm[i](2)l(2) 

= "i[0]l[0] <^ "l[i](i)l[i] (g) m[i](2)l[2] 

= "^[o]l[o] «'"^[1]{1)1[1](1) ®"^[1]{2)1[1](2) 

= m[o] g)m[i](i) (gm[i](2). 
It follows that 

m[o][o] g) m[o][i] g) m[i] = mjo] ® m[i](i) (g my^(2), 

and /9 is coassociative. Conversely, given a relative Hopf module {M,p), we 
define p : M — s- M (g)yi C using (PH|) . Straightforward computations show 
that {M,p) eM^. D 

Let (M, /j) be a relative Hopf module, and (M, p) the corresponding C- 
comodule. Then m G M™'" if and only if 

p(m) =m®A l[o] ®\i] 
if and only if 

p{m) = ml[o] «)l[i]. 

We conclude that M^°^ = M^"^ , which is by definition 

M"""" = {m G M I p{m) = ml[o] (g l[i]}. 

The grouplike element p(l) induces a right C-coaction p on A: 

p{a) = 1 (g)A (l[o] ® l[i])a = 1 <g)yi (a[o] (g oji]). 

The corresponding ii-coaction on A is the original p: 

p{a) = a[o] ®a[i]. 

Observe that 

T = A^''" = {a&A I al[o]®l[i]}. 

Let i : i? — > T be a ring morphism. We have seen in Section ll.il that we 
have a pair of adjoint functors (F, G): 

F: Mb^ M^, F{N) =N0bA; 

G : M^ -^ Mb, G'(iV) = 7^=°^. 
F{N) = N (g^ A is a relative Hopf module via 

p{n ®Ba) = n 0b a[o] '^ «[!]• 
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The canonical map can : A (Sib A ^ C takes the form 

(25) can(a ^b b) = a(l[o] i^ l[i])6 = ab^ 6[i]. 

We call A a weak f/^-Galois extension of A™ if (C, p(l)) is a Galois coring, 
that is, can : A 0y^coH A ^ C is an isomorphism. From Theorem 11.11 we 
immediately have the following result. 

Proposition 2.3. Let H be a weak hialgehra, and A a right H-comodule 
algebra. Then the following assertions are equivalent 

(1) A is A a weak H-Galois extension of T and faithfully flat as a left 
B -module; 

(2) (F, Q) is an equivalence and A is flat as a left T -module. 

Our next aim is to compute *C. 

Proposition 2.4. Let H he a weak hialgehra, A a right H-coniodule algehra, 
and C = Im (g) the A-coring that we introduced above. Then 

*C = AHom(C, A) ^ Bgm{H, A) 
{/ G Rom{H,A) I f{h) =: l[o]/(/il[i]), for ah h G H}, 

with multiplication rule 

(26) (/#5)(/^) = /(/i(2))[0]5(^l)/(^2))[l])• 
Proof We define a : *C ^ Rora jH, A) by 

a{ip){h) = (/?(l[o] <8)/il[i]). 

a{ip) = / G Hom fff, A) since 

= a{ip)i{l(^h)ipil)-p{lf)) 

= a(V')(l[o] ®^l[i])-"(9')(l[o]l[o'] «)/il[i]l[i']) 

= /(/l)-l[o]/(W[i]). 

Now we define /3 : Hom fg, A) -^ *C by 

/3(/)(al[0]®/il[i]) = a/(/i). 

We have to show that /3 is well-defined. Assume that Yli '^i'^[o] ^^ ^il[i] =0 
in A 011. Then 

^ Cj (gi /ij = ^ a, (g) /ij - ^ Cjljo] (g /ijl[i] , 

i i i 

hence 

^Oifihi) = ^aif{hi) -^ail[o]/(/iil[i]) = 0. 
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A straightforward verification shows that a is the inverse of /3. Using a and 
/3, we can transport the multiphcation on *C to }iom. (H,A). This gives 

= V'((1[0] ® /i(l)l[l])¥'(l[0'] «) ^2)1[1']) 

= V'llllO] «'/i(l)l[l])/(/i(2)) 

= V'(/(^2))[0] «'^l)/(/i(2))[l]) 

= /(^(2))[0]5(^1)/(^2))[1]), 

as needed. D 

The dual of the canonical map *can : *C — > AHom(^ ^b A, A) is given by 

*can{ip){b (g)^ a) = ip{can{b (g)A a)) = ip{ba^ (g) a^ij, 
and transports to *can : Hom fff . A) — > B^^d{A)°^, given by 

(27) *can(/)(a) = *can(v7)(l ®b a) = a[o]/(a[i]). 

Remarks 2.5. 1) We have a projection p : iloui{H, A) -^ Hom fff, A), p{f) = 
f, given by 

/» = l[0]/(l[l]). 

2) The unit element of Hom fiJ, ^4) is not e, but e = a(ec)- This can be 
verified directly as follows: 

{e#g){h) = l[o]e(/i(2)l[2])5'(/i(i)l[i]) 

= l[0]'^(^{2)l{2))5'(^(i)l{i)l[i]) = l[o]e(^(2)5(/i(i)l[i]) 

= l[o]5'(/il[i]) =5(/i); 
(/#e)W = /(/i(2))[o]e(/i(i)/(/i(2))[i]) 

= /(^(2))[0]l[0']e(^(l)/(^{2))[l]l[0']) = /(^(2))[0]^(^(1)/(^{2))[1]) 

m = i[o]^(^i)i[i])/(^2)) 
m = i[o]/(/ii[i]) = /w. 

3) *C is an 74-bimodule, hence Hom(ff, A) is also an j4-bimodule. The 
structure is given by the formula 

(28) (a/6)(/i)=a[o]/(/ia[i])6. 

Let us next compute the Morita context {T, Hom (-ff, A), A, Q, t, /j,) from 

Proposition 11.31 We have a ring morphism j : A *C >- Hom(if, ^), 

given by 

j{a){h) = l[o]e(/il[i])a. 

Take if € Q = {^p G *C \ C(i)(/?(c(2)) = ¥'(c)p(l), for all c G C}, and let 
a{ip) = q. Then 

C(1)V^(C(2)) = (1[0] ® ^(l)l[l])/(^(2)) = fih(2))[0] «) /l(l)/(/l(2))[l], 

and 

99(c)p(l)=/(/l)l[o]®l[l], 
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hence Q is the subset of Hom (-ff, A) consisting of maps f : H ^>- A satisfying 

(29) f{h(2))lo] ® ^(i)/(^(2))[i] = f{h)l[o] ® l[i], 

for all h & H. Q is an ( Hom fff, ^4), T)-bimodule: f ■ q ■ a = f#q#j{a), for 
all / G Hom fg. A), q e Q and a e A. 

A is a (T, Hom(/f, j4))-biniodule; the left T-action is given by left multipli- 
cation, and the right Hom (-ff, A))-action is given by a • q = a[o]'7(o[i])- The 
connecting maps 

r : A Hom (HA) Q ^ T and fi : Q 0t A ^ Hom (ff, A) 

are given by the formulas 

T{a®q) = a[o]g(a[i]); 

n{q (Si a) = q#j{a), that is /i(g (K" a){h) = q{h)a. 

It follows from Proposition 11.21 that r is surjective if and only if there exists 
q (z Q such that lro]Q'(lrii) = 1. Theorem 11.41 takes the following form. 

Theorem 2.6. Let H be a finitely generated projective weak bialgebra, and 
A a right H-comodule algebra. Take a subring B of T = A^°^ . Then, with 
notation as above, the following assertions are equivalent. 

(1) • can is an isomorphism; 

• A is faithfully flat as a left B-module. 

(2) • *can is an isomorphism; 

• A is a left B -progenerator. 

(3) • B = T; 

• the Morita context {B,Hgm{H,A),A,Q,T,fi) is strict. 

(4) . B = T; 

• {F, G) is an equivalence of categories. 

Proposition 2.7. Let H be a weak Hopf algebra. Then H is a weak H- 
Galois extension of H'^° = H . 

Proof Let us first show that F™^ = H^. If h e F™^, then A{h) = 
hl(i) (8) 1(2), hence h = e(/il(i))l(2) = TT (/i) G H^. 
Conversely, if /i € H^, then h = 11 (h) = e(/il(i))l(2), so 

A(/i)=e(/il(i))l(2)®l(3) 

= e(^l(i))l(2)l(i') «) 1(2') = ^l(i) ^ 1(2), 

hence h G F™^. 

Let us next show that can is invertible, with inverse 



can 



'Hl(l) ® ^1(2)) = l(l)5'(/i(l)l(2) ®HL ^(2)1(3)- 
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can 



(can(/i (g) k)) = can {hk(^i-^ (g) A;(2)) = ^^(i) '5(^(2)) ^^h^ ^(3) 
= m^(/c(i)) «)j^L /c(2) = h (g)HL n^(A;(i))/c(2) 

can(can~^(l(i) (g) /il(2))) = can(l(i)S'(/i(i)l(2) (E)hl ^(2)1(3)) 

= l(i)S'(/l(i)l(2))/l(2)l(3) '^ ^(3)1(4) 

= 1(1)1(1')^(^(1)1(2)1(2')) ® ^(2)1(3) 

= 1(1)1(1')^(^(1)1(3))'^(1(2)1{2')) 'X'/i(2)l(4) 

= 1(1)1(1')^(1{2)1{2')) '^£(^(1)1(3))^(2)1(4) 

= 1(1)1(1')^(1(2)1(2')) ^ e^l(3)) = 1(1) <» ^1(2)- 

3. Groupoid gradings 



D 



Recall that a groupoid G is a category in which every morphism is an iso- 
morphism. In this Section, we consider finite groupoids, i.e. groupoids with 
a finite number of objects. The set of objects of G will be denoted by Go, 
and the set of morphisms by Gi . The identity morphism on a; G Gq will also 
be denoted by x. For a : x ^ y in Gi, we write 

s((t) = X and t{a) = y, 

respectively for the source and the target of a. For every x (z G, Gx = {o" € 
G I s{a) = t{a) = x} is a group. 

Let G be a groupoid, and k a commutative ring. The groupoid algebra is 
the direct product 

fcG = ku„, 

(T<=Gl 

with multiplication defined by the formula 

_ juar if t{T) = s{a); 
^'^^^-\0 ift(r)/.(^). 

The unit element is 1 = "^^eG ^^' ^^ ^^ ^ weak Hopf algebra, with comul- 
tiplication, counit and antipode given by the formulas 

A(uo-) = ^o- iSi Ua, £{ua) = 1 and S'(no-) = u^-i- 
Using the formula 

A(l) = ^ Ux^Ux- 
xeGo 
We compute that H^ : kG -^ kG is given by the formula 

x€Go 



GALOIS THEORY FOR WEAK HOPE ALGEBRAS 13 

hence 

xGGo 

Let A; be a commutative ring. A G-graded A;-algebra is a fc-algebra A together 
with a direct sum decomposition 

■A = y-^ Aa-, 
a£Gi 

such that 

(30) A^aJ^^- ift(r) = K-); 

and 

(31) 1a G A,. 

x£Go 

Proposition 3.1. Let G be a finite groupoid, and k a commutative ring. 
We have an isomorphism between the categories of kG-comodule algebras 
and G-graded k-algebras. 

Proof. Let {A, p) be a /cG-comodule algebra, and define p : A ^ A® kG by 

Arj = {a ^ A\ p{a) = a(E) Uo-}. 

From the fact that A kG is a free left A-module with basis {u^ | cr € Gi}, 
it follows that A^ n Ar = {0} if a 7^ r. 
For a G ^, we can write 

p(a) = ^ Oct iSiUa- 
ctGGi 

From the coassociativity of p, it follows that 

y^ pitta) ®Ua = "^ aa®Ua® U^, 

CTeGi o-eGi 

hence p{aa)ao- u^- , so a^- € A^ and 

a = ^ a^e(u^) = '^ o-a GaeGi A^. 
o-eGi o-eGi 

li a £ Aa and b G A^, then /9(a6) = ab(® Ua-Ur, and (|H()|) follows. 

(|T6|) tells us that p{Ia) G A® (kG)^ = 0^g(^ A (g) u^;, hence we can write 

/O(lyl) = ^ IxIXjUx, 

xeGo 
and 

U = J^ Ix G A,. 

x£Go xGGo 
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Conversely, let A be a G-graded algebra. For a G A, let a^j be the projec- 
tion of A on Aa- Then define p{a) = J2c7eG cia (^ Ua- (fT6|l then follows 
immediately from ()31() . D 

Proposition 3.2. Let A be a G-graded algebra, and take x S Gq. Then 
^^f^Q A(j is a Gx-graded algebra, with unit Ix- In particular, Ax is a k- 
algebra with unit Ix- 

Proof. If a G A„, with t[a) = x, then 

a (g) (T = p{a) = p{Ia(1') = y^ Ij/ffl ® UyUa = l^a ^ o; 

yGGo 

hence a = IxO. In a similar way, we can prove that a = alx H s{a) = x. The 
result then follows easily. D 

Let ^ be a G-graded algebra. A G-graded right ^-module is a right A- 
module together with a direct sum decomposition 

M= ^ M^ 

aeGi 

such that 

jcM^r if t(r) = s((t); 
'^'^^^1=0 if t(r) /.(-). 

A right ^-linear map / : M ^> N between two G-graded right ^d-modules 
is called graded if f{Mu) C A^o-, for all a G Gi. The category of G-graded 
right ^4- modules and graded ^d-linear maps is denoted by A4^. The proof 
of the next result is then similar to the proof of Proposition Kill 

Proposition 3.3. Let G be a groupoid, and A a G-graded algebra. Then 
the categories A^^ and M./ are isomorphic. 

If ?TT, E Mfj, with s((t) = X, then 

p{m) = m® a = p{ml) = >^ mly ® ax = mix ® o", 

y&Go 
hence mix = m. 

Let M € M^ = M^/. Then m G M™'='^ if and only if 

p{m) = 2^ "T-o- <8) o" = 2, f^^x ® X., 
o-gGi xgGo 

if and only if ?n, G ®xeGn ^^- ^^ conclude that 

(32) M=°^^ = M^. 

xeGo 
In particular, 

T = A^°''^ = Ax. 

xGGo 
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If iV G Mt, then N = ©^.gciVx, with Nr, = Nlr, G Ma^,- We have a pair 
of adjoint functors 

F = -^tA: Mt^ M% G = (-)™^G . j^G ^ j^^^ 
with unit and counit given by the formulas 

xgGo 

Cm : M""''^ ®tA^M, CM{m Ot a) = ma. 
A G-graded fc-algebra is cahed strongly graded if 

A^Ar = A^r if i(r) = s{a). 

Proposition 3.4. Let A he a G-graded k-algebra. With notation as above, 

vn '■ N ^ {N ®T AY°^^ is bijective, for every N G Mt- 

Proof. First observe that 

{N 0T A)^ = N(E)tA^ = N^„) ®t A„, 

hence 

{N ®T Ar^^ =^[N®T A)., = ^N,®tA,. 
xeGo xeGo 

The map 

/ : {N®T Ar^"^ ^ N, f{n^ a,) = n^a^ 
is the inverse of vm'- it is obvious that f o i/j\f = N. We also have that 

(t^N ° f){nx ®T ax) = n^ax ®t l^ = Ux ®t dx- 

D 

Let A be an algebra graded by a group G. It is a classical result from 
graded ring theory (see e.g. ^2]) that A is strongly graded if and only if 
the categories of G-graded A-modules and j4i-modules are equivalent. This 
is also equivalent to A being a /cG-Galois extension of A^. We now present 
the groupoid version of this result. 

Theorem 3.5. Let G he a groupoid, and A a G-graded k-algehra. Then the 
following assertions are equivalent. 

(1) A is strongly graded; 

(2) (F, G) is a category equivalence; 

(3) [A /cG, p(l) = Ylix&Gn ^^ ® x) is a Galois coring; 

(4) can : A (^t A ^ AiSi kG, can(a (8) 6) = J2aeGi ^^^ 'S' cr is surjective. 

Proof. 1) =^ 2). In view of Proposition 13.41 we only have to show that Ca/ is 

bijective, for every graded ^-module M. 

Take m G M^, with s{a) = x, t{a) = y. Then aa~^ = x, and there exist 



16 S. CAENEPEEL AND E. DE GROOT 

a[ G A^-i, ai G A^j such that ^^ a[ai = Ix- We have that 7na[ G Ma-A^-i C 
My C M'=°'='^,and 



(Mi/Z "^"^ '^CLi) = 2Z '^'^'i'^i 



m, 



and it fohows that Ca/ is surjective. 
Take 

rrij = y f^j,x £ 03 "^^^ ^'^'^ '^0 ^ ^' 
xeGo xeGo 

Assume 

Cm(^ w,j ®t Cj) = ^ mjCj = 0, 

and take o" G Gi with s(c7) = x and t((T) = y. Then 

= (^ mjCj)„ = Y^ rujCj^a, 
j J 

hence 

2J "rrij (g)T Cj^o- = 2J "T-i i^T Cj^aa'j^ai == 2^ "mjCj^aa'i ®t o-i = 0, 

j i,j i,j 

and 

2J "^j "XiT Cj = 2_j 2-/ "^■?' "^"^ '^■^''^ ~ *^' 

and it fohows that Cm is injective. 

2) ^ 3) fohows from the observation made before Theorem ll.il (see [HI Prop. 
3A\) — 

3) ^ 4) is trivial. 

4) =^ 1). Take o", r G Gi such that s{a) = t{T), and c G Ao-t- Since can is 
surjective, there exist homgeneous ai,bi £ A such that 

can(N^ Oj (8) &«) = /^ aj6j deg(&j) = c (8) r. 

On the left hand side, we can delete all the terms for which deg(6j) / r. So 
we find 

2J ffli^j (8 r = c (8) r, 

and 

J2 atbj = c. 

id 

On the left hand side, we can now delete all terms of degree different from 
<TT, since the degree of the right hand side is ar. This means that we can 
delete all terms for which deg(ai) 7^ a. So we find that '^ijCahj = c, with 
deg(aj) = a, and deg(6j) = r, and A^Ar = A^jr- D 
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4. GrOUPOID ACTIONS 

Let G be a groupoid, as in Section El with the additional assumption that 
Gi is finite. Then kG is free of finite rank as a /c-module, hence Gk = (kG)* 
is also a weak Hopf algebra. As a fc-module, 

GA: = kv^, 
with 
The algebra structure is given by the formulas 



6a,TVa ; 1 = y^ Vg, 



aSGi 



and the coalgebra structure is 



A(fo-) = 7^ ^r <8 Wr^O = >^ 



fr <» t-r-lcr, 



-r/3=cr f(T)=t{o-) 

o-eGi xeGo 

The antipode is given by S{vo) = V(j-i- Observe that 

A(l) = 1(1) (g) 1(2) = ^ Wr«)Va. 
t{p)=s(u) 

Let A be a right G/c-comodule algebra. Then ^ is a left fcG-module algebra, 
with left A;G-action given by 

a ■a = (a[i],cr)a[o]. 
The G/c-coaction p can be recovered from the action, using the formula 

(33) p{a) = 2_. (y ■ a®Va. 

o-eGi 

In 1^1 Prop. 4.15], equivalent definitions of an i?-module algebra are given. 
If we apply them in the case where H = kG, we find that a fc-algebra with 
a left A:G-module structure is a left fcG-module algebra if 

(34) a-{ab) = {a-a){a-h). 

for all (T € Gi and a, 6 G A, and the following equivalent conditions are 
satisfied. 

(35) a-lA = t{a) ■ U 

(36) a{a ■ 1a) = t{a) ■ a 

(37) {a ■ lA)a = t{a) ■ a 

We will call A a left G-module algebra. 
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Proposition 4.1. Let A be a left G-module algebra. Then {x-Ia \ x £ Gq} 
is a set of central orthogonal idempotents in A. Hence we can write 

■^ — y^ ^x) 

x&Go 

where A„ = {a ■ I a) A = {t{a) ■ I a) = ^t(a)- 

Proof. It follows from (|33|) . with a = b = 1a and a = x, that x • 1^ is 
idempotent. From H36() and (|S71) . it follows that x • 1^ is central. If x 7^ y G 
Go, then we find, using (|5^ . that (x • lyi)(y • 1a) = y ■ {x ■ 1a) = yx -Ia = ^- 
Finally 

^ X ■ U = ( ^ x) • 1a = IfcG ■ U = lyi- 
xeGo xeGo 

Observe also that cr • a = (a ■ a)(cr ■ 1a) € ^o-- D 

We have 

A (g) G/c = ^ Ava- 

(tSGi 

Let us compute the projection 

g: ^^^a ^ ^t'a 
o-eGi o-eGi 

introduced in Section [21 

g{ava) = ^ a(T • 1a) "S) v^Vr = a{a ■ 1a) (8) t^^- 

r6Gi 

We have seen in Lemma l2. II that we have an ^-coring 

C = lm{g)= A^v^. 

aeGi 

The right 74-module structure is given by the formula 

{{a ■ lA)va)a = {a-a)va. 

Now assume that M € A^ , or, equivalently, M G Ma (see Proposi- 
tion [JUJ. Then M is a right A-module, and also a right G/c-comodule, and 
a fortiori a left kO-module. Condition (|22() is then equivalent to 

\J a ■ (ma) (E)Vcr= ^J {cr ■ m){T ■ a) VcrV-r = V^ (''' ■ rn){a ■ a) ^ v^, 
o-eGi o-,TeGi o-gGi 

or 

(38) a ■ (ma) = {a ■ m){a ■ a), 

for all cr € Gi, m € M and a £ A. We will also say that G acts as a groupoid 
of right A-semilinear automorphisms on M. Now m € M = M if and 
only if 

p{m) = y (T ■ m(^Vfj 

a€Gi 
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equals 

ml[o] ® l[i] = ^ m{a ■ Ia) ® v^, 

aeGi 

hence 

M'^ = {m e M \ a -171 = m{a ■ Ia), for all a G d}. 
In particular, 

T = A'^ = {aeA\a-a = t{a) ■ a, for all a G d]. 
Let S ^ T be a ring morphism. Let us compute 



can : A^b A^ ^ ^ 



cf^a- 



can(a 6) = 2_, (^(^ " ^a) ® Va)b 

aGGi 



ctGGi 

Our next goal is to compute 

*C = Rom (Gk,A) = {/ : Gk ^ A \ l[o]f{vA[i]) = /K), for all r G Gi}. 

Proposition 4.2. Xei G 6e finite groupoid, and A a G-module algebra. 
Then 



YJovn iGk^A] = ^ u^A^, 



aeGi 

as a right A-modules. The left A-module structure on Hom fGfc, A) is given 
by the formula 

(39) aua{(y ■ Ia) = Mo-(o" • a), 
and the multiplication is given by 

(40) U„#Ur = Ura, 

where we denoted U^ = Uu(a ■ 1^). The unit element of Hom iGk, A) is 

xeGo 

Proof. Observe that Rom{Gk,A) = (Gk)* (g) A = feG (g) ^, so that every 
/ : Gk — > A can be written as 



/ = ^ UaO-a, 



aeGi 
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with Oo- = f{va)- Ua is then the projection onto the component v^ of Gk. 
We find that / G Hom fGfc, A) if and only if /(wr) = Ot equals 

1[0]/Kl[i]) = X] ('^ ■ l^)/(^r'^'^) = (■^ • lA)aT, 

or, equivalently, a^ G ^4,-, for every r € Gi. Write U^ = Ua{a ■ 1a), then we 
have 

Bgm{Gk,A) = [/^A = U^A^. 
creGi o-eGi 

Observe that Ua-{vr) = {cr ■ lA)Sa,T- 

The left j4-action on Honi (Gfc, A) is computed using H28|). We compute 

(at/^)(fr) = a[Q]Ua{vra[i]) = '^ {\ ■ a)Ua{vrVx) 

AeGi 

= (r • a)t/a(t'T) = (t • a)(cr • lA)5cr,T, 
hence {aUf^){vr) = if cj 7^ r. If o" = r, then 

(at/cr)(i'<x) = (cr ■ a){a ■ 1a) = {a ■ a) = {Ua{cr ■ a)){va), 

and we conclude that 

alia = f/(j(o" • a). 
Using (PB)) . we compute 

= ^ /i((o- • lA)5cr,;/)(T • 1a)'5t,m- 

/J!^ = A 

If ra / A, then {U„#Ur){vx) = 0. 
If TO" = A, then 

(t/,#C/0(«A) = (t • (a • lA))(r • 1a) = {ra ■ 1a)(t • U) 

= {t{Ta) • lA)(t(r) • 1a) = {t{ra) ■ IaMtu) • 1a) 

= t{Ta) ■ \a = (to-) • 1a = Ura{v\), 

and we conclude that Uf^#Ur = Ura- D 

Recall that a ring morphism ^ ^ i? is called Frohenius if there exists an 
^-bimodule map V : R ^ A and e = e^ (^a e^ £ R (^a R (summation 
implicitly understood) such that 

(41) re^ (g)A e^ = e^ (g)A e^r 
for all r E i?, and 

(42) I7(e^)e2 = e^v{e^) = 1. 
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This is equivalent to the restrictions of scalars Mr -^ Ma being a Frobenius 
functor, which means that its left and right adjoints are isomorphic (see |1H 
Sec. 3.1 and 3.2]). {e,V) is then called a Frobenius system. 

Proposition 4.3. Let G he finite groupoid, and A a G-module algebra. 
Then the ring morphism A — > Hom fGfc, A) = *C is Frobenius. 

Proof. The Frobenius system is the following: 

aeGi 
ctGGi x£Go 

For all a S ^, we have that 

ae = Yl C/<^-i(cr"^ ■a)^U„= ^ U^-i (g) Uaiiaa'^) ■ a) 
o-eGi o-gGi 

= Y ^^-^ ® Ua{t{a) -a) = Y ^a-i ® Ua{(^ ■ U)a = ea; 



o-eGi o-eGi 



and 



'{a Y )uct{o- ■ lA)aa) =^{'Y )'"<^('^ ■ "')"''^) 



o-eGi o-gGi 

= X (a; • a)ax = ^ a(a; • Ia)^^ 

xGGo xGGo 

ctSGi 

and it follows that V is left A- linear. It is clear that V is right yl- linear. 
Finally, 

I7(e^)e^ = Y (^ ' ^A)uxix ■ Ia) 

x£Go 

= ^ (2; • lA)uxix'^ ■ Ia){x • 1a) = X^ f^x = 1- 
xeGo xgGo 

In a similar way, we show that e^T'{e'^) = 1. D 

Using (|27() . we compute the map *can : Hom fff, ^4) ^ B^i^d{A): 

*can{Uaaa){b) = {a • b)aa. 

Let us now compute the module Q (see (|29|)). From 12, Theorem 2.7], it 
follows that Q and A are isomorphic as abelian groups. This will follow from 
our computations. 

Proposition 4.4. Let G be finite groupoid, and A a G-module algebra. 
Then 

Q = { /J Ua{a • a) I a G A}. 

(tGGi 
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Proof. Take / = EaGd ^'^"'^ ^ Hom(i?, A). Then / G Q if and only if ^ 
is satisfied. Take h = Vr in (|^^ . The right hand side of ((^ is 

y^ arifJ- ■Ia)'^V^= ^ (/i • lA)ar 1^ Vfj,. 

The left hand side of ^ is 

y^ y^ y P ■ {Uaaa){Vu) ® VfiVp = ^ fJ- ' ttu ® Vfi- 

o-eGi fj,iy=T pgGi fiu=T 

It follows that f (z Q a and only if 

(43) ^ (/i • lA)ar ®v^= y fi-au'S'V^,, 

for all T G Gi. Assume that f £ Q, and take the Vr component of (|43|) . 
Then v = s{t) and 

(44) (r • lA)a^ = ar = r •a^(^). 
This means that / is completely determined by 

a= ^ a^eA= ^ A^. 

xeGo xeGo 

Conversely, take a G A, let a^ = a(x • 1^) S vl^;, and define a-r using (|1^ . 
Then 

(r • lA)aT = {t ■ 1a)(t • as(^r)) = t ' (lAs(T))a^, 
so Ot € At, as needed. Also observe that 

a^ = T ■ a{s{T) ■ 1a)) = (r • a)((Ts(r)) • 1^) = (r • a)(T ■ 1a) = t ■ a. 

We then claim that 

f = Yl ^'^"'^ ^ '3- 

(tSGi 

Take o", r G Gi with t(cr) 7^ ^(t). Then for all a G A, we have 

{a ■ Ia){t ■ lA)a = {a ■ lA)(t(r) • a) = {t{a)t{T)) -0 = 0. 
It follows that the left hand side of H43() amounts to 

The right hand side of l\i'6\i is 

If t(^) =t(r), then 

and (jlSl) follows. Hence / G Q. D 
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We have seen in Section El that Q is a ( Hom (Gfc, A), T)-bimodule. Using 
Proposition 14.41 we can transport this bimodule structure to A. We find the 
following bimodule structure on A: 

( y^ Urhr) ■ a ■ u = \^ T~ ■ {hra)u. 

red red 

A is also a (T, Hom(GA;,^))-biniodule. The structure is 

n • a • ( N^ Urhr) = 2_^ '^('^ ' fl)^r- 
red red 

We have a Morita context (T, Hom (Gfc, A), A, Q, t, u), and, a fortiori, a 
Morita context (T,Hom{Gk, A), A, A, r, /i). The connecting maps 

T : A 0uom{Gk,A) A ^- T and // : A 0t A -^ Hom(G/c, A) 

are given by the formulas 

r(6 (X) a) = >^ o" • (6a); 

fred 

^(a (8) 6) = y^ C^o-(o" • a)6. 

cred 

It follows from Proposition 11.21 that r is surjective if and only if there exists 
a G A such that X^^-g^j a ■ a = 1. Theorem 12.61 takes the following form. 

Theorem 4.5. Let G be a finite groupoid, and A a G-module algebra. Take a 
subring B ofT = A'^ . Then, with notation as above, the following assertions 
are equivalent. 

(1) • can is an isomorphism; 

• A is faithfully flat as a left B-module. 

(2) • *can is an isomorphism; 

• A is a left B -progenerator. 

(3) • B = T; 

• the Morita context (B, Hom fGfc, A), A, A, t, fi) is strict. 

(4) . B = T; 

• {F, G) is an equivalence of categories. 
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